Introduction.

In this report the following two sequences of non-negative 1ntegers

UgsUq, ... are considered:
I. The sequences defined by
= = = 1 Y v\o ¢
Uo=by Upyq = 8Uy (n=0,1,...)

where a and b are positive integers,
II. The sequence of Fibonacci, defined by

1’l+2:uﬂ+1 +u (Il:Oﬂ 9 .c.).

uo=o, ug=13 v
These sequences have the property that if m is a positive integer
(where in case I the number m is supposed prime to a) the least non-ne-

gative residues mod m of the elements form a periodic sequence. The lengt]

of the perlod of this secuence will be denoted by c(m). In the case of
1.

- ~ - s ——~ a4 a4 N -

ranqom numbers, »
Our purpose is to investigate properties of the number C(m). In

case I we consider primes p with (a,p)=(b,p)=1. Then for p=2 there exists
a positive. integer k=k(2), such that

Qk] C(4)_q 2k+1)( LC(4) _,
and for odd p there ex1sts a positive integer k=k(p) such that

pk' aC(P)_y e+ ;, 2C(p)_q
In case I the following relations hold:

c(2)=1;

c(p) | p-1;
C(Zh)z{ 1fil){(;f 2 << k(2);

2 /C{4) if h 2> k(2);

C(p) if 1€ n < k(p);

PE P () 1e 0y K(p).

c(p™)=

1) D.H. Lehmer Matihematical methods in large scale computing units,Proc,
Sec, Symp, on large- —-scale Tig.v~" ~alculating machinery, Q 51,Harvard ;
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In case II for odd primes p there exists a positive integer k=k(p)
such that

2 | Ug(p) P vo(p)or T

k+1 -
does not divide both numbers uC(p) and uc(p)_1 ~1, Then

but p
for sequence II we prove the following results
C(p) x p-1 if p= +1(mod 10);
c(p) )( L(p-1) if p= 11 or 19(mod 20);
c(p) | 2(p+1) and C(p){'p+1 if p= +3(mod 10);
C(2)=33 C€(5)=203
c(2Py=3.28"1 ir ny 1
o) {C(p) if 1< h L k(p);
T o Phog) £y k(p). .
In both cases I and II if m=p ,..pss, where Pqsev., Dy BTE different

pri%es, the value C(m) is the least common multiple of the values
C(pii) (i=1’a-°nys)o
Special attention is given to the cases

m=22, 21 oBi1 0P, 1021 ana 10

Apart from the number C(m) we also define the number c(m), This num-

h+1.

ber c{m) is the least positive integer n with m lun. The set of indices
n with m lun consists of the non-negative multiples of the number c(m).
In case II c(m) is not necessarily equal to C(m). We also deduce proper-
ties of c(m) and v(m)= %%%%.

In another report”) similar properties are deduced for sequences
satisfying

+bu_  (n=0,1,...)

Yn42=8Un41 00y,

with arbitrary a,b,uo and uq.

§1. The sequences 1,

Iet aand b be positive integers and let p be a prime with p*'ab. Then
there exists a positive integer n such that a= 1(mod p): in fact, on
account of Fermat's theorem, n=p-1 has this property.

Let C(p) be the smallest positive integer with this property. Then,
if m = n(mod C(p)),we have pa = bamod p) end comversely. This proves that
the sequence of numbers unzban- (n=0,1,.,.) is periodic mod p with period
c(p).

From Fermat's theorem it follows further
(1,1) c(p) | p-1.

" In view of the application of the sequences 1 to the construction

of pseudo~-random numbers it is required that C(p) be large.

e el

2) Mathematisch Centrum, Rapport ZW 1952 - 013,
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If p is an odd prime and if 2= 1(mod pJ),

where t and j are positive integers,

then aPt= 1(mod pj+1)

1(mod p*1),

9

apt§é 1(mod p3+2). This property remains valid if p=2 supposed j» 2.
Herefrom follow the relations (1) and(2).

From BEuler's theorem ap
The value of C(m) for arbitrary m= Pq

ent primes,

I' .
numbers 50(pil) (i=1

1

se.esS),

)«-1£mod m) it follows C(

°'ps’ where p1,.».,p T
is obviously a common multiple of the numbers C(p iy
(i=1,...,s), hence the least common multiple.

t(///(p)

are differ-

Hence for all a Wlth
(a,m)=1 the number C(m) divides the least common multiple L(m) of the

We give a table of the value of L(m) for m=10%-1 (n=1,2,...).

n m=10"-1 @(p; ") (m)
1 3° 6 6
2 32,11 6110 30
3 33,37 18436 36
4 | 32,101 63100 300
5 3,471,271 61403270 1080
6 33.7.11.13.37 1856310312536 180
7 13%.239.4649 6:23854648 711144
8 | 32.73.11.101.137 6372;10:1005136 30600
9 3%.37.333667 543363333666 667332
10 | 3%,11.41.271.9091  63;10340:270;9090 109080

i

From the table we learn that L(m) is much smaller than m, if the
number of prime factors in n is not too small. In fact the numbers

pi—1 (i:1,...,s) have at least a factor 2 in common,
Cﬂ(m) m
L(n) < = <28_1.
We give a similar table for m=102+1,

m=10"+1 ( ri) I(m)
n = 90 Py m
1 11 10 10
2 101 100 100
3 T.1113 6;10312 60
4 73.137 72.136 1224
5 11,9091 1059090 9090
6 101.9901 10039900 9900
7 11.909091 1034909090 909090

S0
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th row and

The prime factors which occur in the first table in the 2n
not earlier, are the same as the prime factors which occur in the second
table in the n'®
considerations
1°, Let p be a prime with p? 1001 , p%’10 -1 for 0 £ h < 2n, From
pl 10™41) (107 -1) and p‘f10 -1 it follows p| 10™+1, If 0 € k & n,
then from p4 10°%-1 it follows p 1ok+1
2%, Let p be a prime with p‘ 1041, p+ 10541 with O < k £ n. Then
p | 1on+1[ 10°%.1, Should a number h exist such that 0 < h < 2n and
’10 -1, then it would follow 10° D= = -1(mod p) and 107~ “he ~T@mod p)
~hence 101n+h155 -1(mod p), where 0<In-hl<n, contrary to the as-
1 if 0< n < 2n,
It is well known that there exists a primitive root mod pr, where

row and not earlier. This follows from the following

sumption on k., Hence pf 10

P i1s a prime and r a positive integer, i.e. there exists an integer a
with
(p >”'1(mod D ), o ?; 1(mod p¥) if 0 < h<:90(p ).
Now suppose m—pf1,,.p , where Pyyeee,Py are different primes, Ilet

ay be a primitive root mod pl' (i=1,...,s). On account of the chlnese
remainder theorem there exists a nvmhz: . ~mch that aag a; (mod p )
(i=1,...,8). Each romma» muliin1~ 1 of the numhbars ¢7(p1 ) (i= 1,., ,S)

satisfies ahEE 1(mod m) and conversely, Hence for this choice of a the
number C(m) is equal to the leaszt common multiple L(m) of the numbers
99(pil) (i=1,...,8).
Since above we found C(m)* L(m), we now have the following result.
If m is fixed and a is variable, the greatest value attained by C(m) is
I(m). For instance C(m)=L(m) if we take for a the above constructed
number,
Lxample. If m=10”-1 and a=7, then C(m)=L(m)=1080=2335, For
C(m)f 1080 since 7°4° = ~1(mod 41):
C(m)} 3,1O8O since 7360“' 29(mod 271)
C(m)+ .1080 SlPC“ 7‘ o= = 16(mod 41).
Although'ﬂraf7*CIBV€ C(J ) #50(3 ), still C(m)=L(m)., The number a=7 is
the smallest number for which C(m)=L(m), for if a=2 we have 2202 1 (mod A1
hence C(m)] #L(m) 3 if a=4 we then also have C(m)i #L(m); if a=5 we have
52035 1(mod 41), hende C(m){ #L(m). The values 2=3 and a=6 are excluded
since (3,m)=(6,m)=3%£1,
For computing machines working in the binary scale the reduction
mpd m of integers is simple in the cases m:2n-1, m—2n+1, m=2"., We there

fore give also tables of L(m) Tor ..°% 1 ana m=olyq,
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n L PN Iw
2 3 > >
3 7 6 6
4 3.5 214 4
5 31 30 30
6 32,7 646 6
7 127 126 126
8 3.5.17 254316 16
9 7.73 6172 72
10 3.11,31 2410330 30
11 23,89 22,88 88
12 32.5.7.13 6:4:6:12 12
13 8191 8190 8190
14 3.43.127 24423126 126
15 7.31.,151 63303150 150
16 3.5.17.257 2343163256 256
29 233,1103,2089 232;1102;2088 39672
30 | 32.7.11.31.151.331  6363103303150;330 1650
S.

n m=2"+1 y(pil) L(m)
1 3 2 2
2 5 4 4
3 32 6 6
8 257 256 256
g 33,19 18318 18
10 52, 41 20340 40
11 3.683 24682 682
12 17.241 163240 240
13 3,2731 242730 2730
14 5.29,113 43283112 112
15 32,11,331 65103330 330
16 65537 65536 65536
29 3.59.3033169 2:5853033168 3033168
30 | 52,13.41.61.1321  20312140;6031320 1320
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ple. In these cases however the value of IL(m) is not large. Now L(m)

For the ARRA3) especially reduction mod m where m=2-"+1 is sim-
has a greater value if m=229i1, whereas the reduction mod 229i1 is still
relatively simple,

If m=229~1=233.1103,2089, then L(m) is the least common multiple
23,32,19.29 of 232=23.29, 1102=2,19.29, 2088=2>,32.29. If we take a=3,
then C(m)=L(m)=23,3%,19,29:39672. For
C(m)% .39672 since 3116§§~1(mod 233);

C(m)f g 39672, since if 313224551(mod 2089) we would get from
**1(mod 2089) that 3696551(mod 2089) which contradicts
3696 826(mod 2089) 3 |
C(m)+ T3 39672, since if 3

3110229 (moa 1103) that 3°8= 1(mod 1103), which contradicts
3982 620(mod 1103);
0(m) 4 £§,39672, since if 3

323%5 1(mod 233) that 3
382 37(moa 233).
If m=229+1=3°59.3033169i then L(m) is the least common multi-
ple 24.3.29.2179 of 2,58=2.29 and 3033168=2%.3.29.2179. Here a=2 has
the period C(m)=58, so a=4 has the period 299 whereas a=3 and a= =6 are
excluded since (3,m) = (6,m)=3#41. Since f’ +3033168 - 1(3033169) also
for a=5 we have C(m) < L(m), For a=7 however C(m)=IL(m)=3033168, for
c(u) 4 £.3033168, since 71532584 = _q(noa 3033169);
0(m)} $.3033168, since 7'0" %20 1554651 (mod 3033169);

2088551(mod 1103) we would get from

1368
8

= 1(mod 233) we would get from
= 1(mod 233), which contradicts

O(m}}?— 3033168, 81nce if 714592:: 1(mod 59) we Would get from
758 1(mod 59) that 7 = 1(mod 59) contrary to 7 = 49(mod 59);
0(m)} pory. 3033168, since 7'°9° = 1511637 (mod 3033169) |
In order to Tind C(m) if m=2" , we remark that C(4)=1 if
a = 1(mod 4) and C(4)=2 if a = 3(mod 4)3 in the latter case the integer
k defined din the introduction is > 3. We also give a table of the

values of C(Zh) (hz k) for the odd integers a.
a | C4) x (2™
3 2 3 2h“2
5 . > oh=2
7 2 4 oh=3
9 1 3 2h‘3
13 1 2 oh~2 .
15 o 5 oh-4
R - -

3) ARRA = Automatische Relais Rekenmachine Amsterdan
EAutomatic Relay Computer Amsterdam)
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§t2, The sequence II,
We now investigate the sequence of Fibonacci defined by
Let ¢v and «WJ be the roots of the equation .

X2—X~1=O,
with o > (W . Then we have ' '
(1) V_‘S‘=2w—1; C{)Z:w+1; -1-— :{1)—'1; (A)-l-m:']; wajz*—‘];

w)
(2)  wlsuweu g3 @N=u Wy (n=1,2,000);

n_ -~n
(3)  wp= —%—_—%— (n=0,1,...)3%

2 2 B )
(4)  upp q=uprug g5 upp=up (uy qvuy q) (n=1,2,...);
(5) un[um if n}m.
Formulae (1) are obvious; formulae (2) are proved by mathematical

induction, while (3) follows from (2). Further from (1) and (2) follows

2 2
) _(u +2u v 1)U)+u_n ey

2n_
Upy WD Hloy =W =( Uy 00 Uy, g

whence follows (4) by the irrationalitg of W .

From n]m and (3) it follows that u‘m is a polynomial inw ™ and Q™
with integral coefficients which using the formulae (2) and &1)’ can be
written in the form aw+b where a and b are integral. Since i is ratio-
nal and«) is irrational we ges ==0, whence follows (5).

We define aw+b=cw+d(mod m) by a=c(mod m) and b= d(mod m), If
aw+b=0(mod m) we also write m!a(»\} +b.

Theorem 1., Let m be an arbitrary positive integer and let c=c(m) be
the smallest positive integer with u = 0(mod m). Then ud-—EO(mod m) if
and only if d»0, cld.
Proof. Let d be a non negative integer., If c‘d from (5) follows uc‘ud.
If conversely udE O(mod m), put d=qc+r where 0« r\{ c-1, Then

wdzuda) g 1= U 4_q(mod m)
and

_—qgc_
o+ =(u, w+u -1

a_ ,4
)*=u’_q(mod m),
hence

wh= w9 (- )= (-)2° Ug_1 u%_1(mod m),
whence follows u = O(mod m), so r=0 and c|d.
Corollary. If mln, then we have uc(n)::o(mod m), hence by the last theo-
rem c(m)] c(n). .
Theorem 2, Let m be an arbitrary positive integer and let C=C(m) be the
smallest positive integer with

w’= 1(moa m), i.e. uy=0(mod m), ug_1= 1(mod m),

Then for 4 non negative W ‘*1(mod m) if and only if C]d
Proof. Let d be a non negative integer, ITf C}d from W m1(mod m) fol-
lows ) "“l(mod m), If ~onversely (,ud:‘l\mod m), put d=qC+r, where
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Og r\( C-1. Then 1=-Ecud =wchr£——‘:wr(mod m), whence follows r=0 and C|d.
Corollary. If m,n, then we have UJC(n>E£1(mod m), hence by the last
theorem G(m)‘c(n).

We put v = é(m) = %%%%. For this number we prove
Theorem 3. For every m the number v(m) is integral and v(m) is the
smallest exponent satisfying

v
uo_1=:1(mod m),

Proof, From theorem 1 it follows c(m)‘C(m), hence v is integral,
Since cucgguo_1(mod m), we have

12 wo=(w) = ul_4 (mod m),
Further there does not exist a number w with uﬁ_1ﬁi1(mod m) and 0L w<v,
for otherwise we would have

UJCWw=ug_1§E1(mod m),

with 0 < cw< C, contrary to the definition of C.
Theorem 4., If c(m) is even then v=1 or 23 if c(m) is odd then v=4.

Proof, From (°=u_ ,(mod m) and Gﬁcggub_1(mod m), it follows

c-1
(=) °= (W) ° v _y (mod m).
If ¢ is even the preceding theorem learns v12. If ¢ is odd we have

ui_155~1(mod m) and uﬁ_1§z1(mod m), hence v=4,
Theorem 5, If p is a prime we have
c(p){p-1 if p=+1(mod 10)3
c(p)]%(p-1) if p=1 or 9(mod 20);
c(p)4z(p-1) if p=11 or 19(mod 20);
c(p)] p+1 if p=+3(mod 10) s
C(P){%(p+1) if p=3 or 7(mod 20);
c(p)} £(p+1) if p=13 or 17(mod 20)3
c(2)=33 c(5)=53
¢(p)| p-1 if p=+1(mod 10)3
¢(p)f #(p-1) if p=11 or 19(mod 20)3%

C(p)| 2p+1), CMrpHt if p=£3(mod 10) 5
c(2)=3; C(5)=20,
Proof. We shall treat the cases p=+1(mod 10) and p=+3(mod 10) separ-

ately.
| P= i1(mod 10), By the theory of quadratic residues we have

=30
52(p 1)3‘.-E‘l(mod p), hence
(2w -1)P"1 = 1(mod p), (2w-1)PE2wW-1(mod p),

2P Pt = 2w -1(mod p), ZUJP?EEZM(m%)d D),
whence after multiplication by 2(p-1)&J we get wP '=1(mod p), so
C}C‘p~1 by theorem 2 and 3,




= ]

|

for otherwise we should have p|5.
From 602—1=£U it follows
We+k2= w(mod p), (W +k)°=w (1+2k) (mod p),
(w02~ e wF(P=1) (110 B P21 (0q 1),
(w+0)P= wP (P (142100 5P~ (44 410) (moa p).
For the left hand member we have
(w+k)P= wP +xP = wW+k(mod p), -
hence after multiplication by (53+k)(k-2)-1, on account of (w+k)(dU+k)=
=k2+k—1§k-2(mod piz we get X
1E§C02 p"1)(1+2k)'§(p"‘|)(mod ?),
hence (»J_g(p"'])*:=_(1+2k)§(p"1 (mod p).
So we have proved c(p) | 5(p-1).
A2, p=11 or 19(mod 20). Suppose cl%(p—1).1Then a rational integer
exists with UJE(p_1>§Er(mod p), hence also ng(p"1)zar(mod p). After

multiplication we obtain in view of (1) and of p=3(mod 4)

o

(e (e
Hence -1 is a quadratic residue mod p, contrary to p=23(mod 4) So we
proved c+ 4(p-1), hence a fortiori C*r%(p—1).

Ei pEEiB(mod 10). By the theory of quadratic residues we have
5§(p~1)Ei-1(mod p), hence
(2w -1)P""= “1(mod p), (2w -1)P= 1-2w (mod p),

oPwPo1=1-2w (mod p), W= 1-w(mod p).

After multiplication by W we get
wP = w-w?= -1(mod p),

S0 c(p)1p+1, O(p){’p+1. Finally by squaring the last congruence we find
UJz(p+1)§§1(mOd D), '

hence

c(p)| 2(p+1).
B1. p=23 or 7(mod 20). Suppose cl%(p+1). Then a rational integer r

1 1
ex}sts with sz(p+1 = r(mod p), hence also ouz(P+1)E§r(mod p). So
cuf(P+1)§ECD§(P+1)(mod p). After multiplication by UJE(p+1) we get

wP = (i) E P2 1(moa ),
contrary to C(p)% p+1., Hence c*-%(p+1).
B2, p=13 or 17(mod 20). As in case A1 there exists an integer k with
EEEE~1(mod p). Now from

(w+k) %= w (142k) (mod D)

we deduce ) s
(uu+k)p+1§;cuf(p+1)(1+2k)§(p+1)(mod ).
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Using the result w®=z 1-W=0(mod p) found in B, we have

(Ou+k)p+1EE(aJ+k)(¢up+k)§E(UJ+k)(53+k)§5k—Z(mod D).
We remark that 1+2k§é0(mod p), for otherwise we would have

k-2 =P (o) B ) = o (mod ).
Hence N )
WP = (k2) (14+21) 2(P=3) (moq p),
80 -
o(@)] F(p+1).

The values of c¢(2), c(5), ¢(2) and ¢(5) easily follow from the
table of Fibonacci numbers, The relation C(5)=4c(5) is in accordance
with theorem 4
Theorem 6. If p is a prime » 2, and if k(p) is the greatest 1nteger with

C

pE(P) (p)_y

and if h is a positive integer, then

¢(p) if 1< hgk(p)y:

2 EP)o(p) ir nsu(p).
Remark, By definition we have (UC P’=1(mod p), hence k(p) is a positive

c(ph) =

integer.
Proof. Suppose 1< hgk(p). Then we have Luc(p)551(mod P ) Further if
t is a positive integer < C(p), then ) §é1(mod p) hence WJ §é1(mod ph)
So in view of the definition of C(m) we have C(p )=C(p).

Now suppose h> k(p). By induction we simultaneously prove the fol-
lowing three relations

: h h
—_ 1\ h -
(6)  w P )=1(moa o)y w P E1(moa 1y o(p) ="K (P e(p);
the third relation is the required result, For h=k(p) these relations
hold in view of the definition of k(p) and the first part of the theorem

Now suppose the relations(6) hold for an integer hzk(p). Then from the
first and the second relation (6) follows

h
wo(p )=1 +pha,

where a=a, W +a, (a1,a2 integral) is not divisible by p. Henoe

h .
I.\pc(p ).—f‘l.:.-nhg\p - 1.1..-hh+1g(mnr'-1 -nh+2\

Thus by theorem 2 we have C( h+1)‘p0(p ). From the second relation (6)
follows - C(p + C(p ) and by the corollary of theorem
2 we have C(p I C(ph+1). These three relations involv

(8)  o(p™")=po(p™). |
Hence the three relations (6) hold with h+1 instead of h, the first and
second by (7) and (8), the third by (8) and the induction hypothesis,
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Theorem 7, If p is a prime > 2, if k(p) is the integer defined in theorem
6 and if h is a positive integer, then '

n. | if 1€ hk(p);

(p) =
c(p P EP) o(0) i ny k(p).

Proof, By theorem 6 there exists a non negative integer s, such that
C(pH)szC(p). A similar property holds for c(ph),

First by the corollary of theorem 1 we have c(p)]c(ph). Further
we have Luc(p = r(mod p), where r is a rational integer, So we can write
O P =r+ap, where a=a,w +ta, with integral a,,a,. Hence

h=1 h-1 h-~1
wp C(p>=(r+ap)p = I'p (mOd ph) 9

thus by theorem 1 we have c(ph)’ph—1c(p). Hence we infer the existence
of a non negative integer t with

h s
C -
hy_ C(Ph) _ pt (p) _ p° t v(p).
c(p™)  pclp)
Since by theorem 4 the quotient v(m) assumes the values 1,2 or 4 only we

v(p

h
have ps_t = %%271 = 1, hence s=t, Then from theorem 6 follows the asser-

tion,
Theorem 8, For integers h® 3 we have

s(2Py=2c(2P)=3,287,
Further

c(2)=c(2)=3; C(4)=c(4)=6. |
Proof., From the table it follows that C(2)=c(2)=3, C(4)=c(4)=6, For in-
tegers h=>2 we have

h h

W= 1(moa 225 w®B L1 (moa 22*T); o(2™)=3.2"7,

These relations are proved by induction in entirely the same way as the

1 h h=1 _
w2 (27 ) = g (goa 2By,
so we can write
io(oh -
W) qi(arb) 2T,
where a and b are rational integers. Multiplying this relation by its
coniugate we get on account of (1) and 21%0(2h)

— 1n(oh _ - _
1=(QJUJ)2C(2 )=1+(2a+b)2h 1+(a2+ab—b2)2h 25&1+b.2h 1(mod 2
Hence b is even, so we have
h
1 -
wzC(Z )‘-‘51+a.2h T(moa ol

Since a is a rational integer by theorem 1 we conclude

c(22) | 2c(2h),

b




=

(i=1,...,8) then by theorem I

?é( ) (mod p). From theorem 4 follows ui_1::1(mod p), hence uC_T::i1®wd@.
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Since c(4) is even, by the corollary of theorem 1 also c(2) is even,
hence by theorem 4 we have V(Qh)=1 or 2., Combining this with the last
relation we conclude v(2 h)—2 c(2h)=l0(2h).

Theorem 9, If m=p4 1..,pr , where Pisec. Dy BTE dlfferent primes, then
c(m) is the least common multiple of the numbers dp 1) ang ¢(m) is the
least common multiple of the numbers C(p 1y (i= 1,..,93)

Proof. By the oorollary of theorem 1 we have

(p1 )‘c(m) (i=1,...,8). r,
Further if g is the least common multiple of the s numbers c(p )

ug*~0(mod pll) (i=1,...,8),

hence ugEEO(mod m). Again by theorem 1 we get c(m)‘gv Hence c(m)=g.

Using the theorem 2 instead of theorem 1 we find in a similar way
the result for C(m). |

If p is prime and c(p) is even we have the following amelioration
of theorem 4:
Theorem 10, If c(p)= 0(mod 4) then v=2;

if c(p)=2(mod 4) then v=1.

Proof., We put c(p)=2d. Then we have

wgd::; u,_q(mod p),

hence after multiplication by CDd we get from (1)

(- )dUJd—*uc 1aud(mod ).

Since d‘ic(p) we have udgso(mod P), hence UJdﬁébUd(mod p). Thus uc.Tgé

If c(p)=0(mod 4), the integer 4 is even, hence uc_1EE—1(mod p), and
v=2, If c(p)=2(mod 4), the integer 4 is odd, hence uc_1§E1(mod p) and
v=1,

The results concerning v(p) can be listed as follows

c(p)mod 4 ’ +1 | 2 I 0
2

(9) o]

Theorem 11, If m is an arbitrary positive integer, then v(m)=2 apart
from the following cases:

13. if m-2tq, where t=0,1 or 2, where m, is odd and c(p)=2(mod 4) for
each mrime factor p of my, then v(m)=13

20, if m=2 m1where t=0 or 1, where m, is odd ard A1, and if cp)= +1(mod 4)
for each prime factor p of m1, then v(m) 4.

Proof, From the values of 0(2 ) and 0(2 ) found in theorem 8 it follows

h 1 if h=1,2}
that v(27)= o if ne3 4,’.. .
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Hence 1% is proved in the case m1=1.
Now suppose m=2tm1, where m; is odd and £1,
‘From theorems 6 and 7 it follows that for odd primes p we have

v(p)=v(p). o
Let d1 and D1 be zero if t=0 and let d1 and D1 denote the nuﬁber
of factors 2 in c(Qt) and C(Zt) respectively if t>1; let d, and D, de-
note the number of factors 2 in o(m1) and C(m1) respectively, Further
put d=max(d1,d2); D:max(D1,D2). |
Then by theorem 9 the integers d and D are equal to the numbers of
factors 2 in c(m) and C(m) respectively Since by theorem 4 the mmber v(m) is
a power of 2, we have the formula
V(m)=2D_d.
We now consider three cases:

d4=D,=0 _ if t=0 or 1
d1=1, D1=2 if t=3}

;2 2, Dy=d,+1 if £ 4,

Herefrom follows D-d=2, hence v(m)=4, if =0 or 1; D-d=1, hence v(m)=2,
if t32, |

B. c(pi)§£2(mod 4) for each prime factor p; of my. Then by theorems9,
7 and 10 we have d,=1, D,=1, Using the relations (10) we now find D-d=0,

" hence v(m)=1, if t=0, 1 or 2§ D-d=1, hence v(m)=2, if t33.

C. In all other cases by inspection of the table (9) we infer d 21,
D2-d2=1. For instance d2=1, D2=2 if m, only contains prime factors p
with c¢(p)=+1(mod 4) and prime factors p with c(p)=2(mod 4),.

If dyzd4, then by (10) we have D,z D;, hence D-d =D,-d,=1, hence
v(m)=2, If d, < &4, then d,2 2, hence by (10) we get D,-d,=1, so D-d=1,
v(m)=2, This proves the theorem.

It is not without interest to apply the above theorems the problem
of factorizing the elements of the sequence II of Fibonacci treated
by E. Lucas4), D, Jarden% and A, Katz5j.

From (5) it follows that Uy is divisible by all the numbers Ugq

where Aln Tn wview nf thia fart we rall a nrime factor of u. with dln

4) E, Lucas. Théorie des fonctions numériques simplements périodigques,
Amer, Journ. of Math. 1 (1878), 184-240, 289-321,

5) D. Jarden and A, Katz wrote about ten papers on this subject in |
Riveon ILematematika 1-4(1946-1950), |
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and 1( d {n a trivial prime factor of U, The largest divisor of U,

which only contains trivial prime factors of Uy will be called the tri-

vial divisor ofrun. v

Suppose n=p4 ...pss, where Pysee.sDg BTE different prime factors,
Put n,= 5% (i=1,.4.48). Then the set of trivial prime factors of w  is
the set of prime factors of ny (i=1,...,8). Determining the highes?
powers of the trivial prime factors which divide U,, we find that the
trivial divisor of u, is equal to the leest common multiple of the s num-
bers £ .

Py uni (1=1,...,S),

where &£ ,=1 if p,|u, and €,=0 if pi%un. (i=1,...,8).

The factorizatiof of Uy in practice réduces to the determination
of the non trivial prime factors of Uy, » In another report we shall prove
that apart from the cases n=1,2,6 and 12 the number u, contains non tri~-
vial prime factors,

Now if p is a non trivial prime factor of U, then in view of theorem
1, we have c(p)=n, So considering successively the cases p£1,9,3,7(mod®)
by theorem 5, it is required for a prime p to be a non trivial prime
factor of Uy that there exists a positive integer x such that

p=xn+1, where xn=0 or 8(mod 10),
or p=xn-1, where xn=4 or 8(mod 10).

If n is odd, still more can be said. In the case p=11 or 19(mod 20)
by theorem 5 we have p-1=x,n for an integer x and p-1=2y.n for no inte-
ger y, which is impossible for odd primes p. Similarly we reach a contra—g
diction if p £ 3 or 7(mod 20). So, if n is odd, then p=xn+1 where xn = 0
or 8(mod 20,0r p=xn~1 where xn =14 or 18(mod ), hence in each case p =1 (mod 4).
Remark 1, For odd n each prime factor p'of Uy is a non trivial prime
factor of u  for some m|n, hence = 1(mod 4) (with the exception of p=2).
Remark 2, If n is odd, by (4) Uy is a sum of two squares, a +b~ say,
If p=3(mod 4) and p}uny then the number of factors p in U, is even ),
So if p=3(mod 4) and c(p) is odd, then k(p) is even, We do not know

prime numbers p for which k(p)>1.

I}

6) Confer Hardy and Wright, An fntroductionlﬁo the theory of numbers,
theorem 366, '? : f
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We give a table7) of the values of c(p), C(p) and v(p) for some
primes p, In all these cases the value of k(p) is found to be = 1

3
Q
a .
<

P ¢ C v
3 4 8 2 11 10 10 1
7 8 16 2 19 18 18 1
13 7 28 4 29 14 14 1
17 9 36 4 31 30 30 1
23 24 48 2 41 20 40 2
37 19 76 4 59 58 58 1
43 44 88 2 61 15 60 4
47 16 32 2 71 70 70 1
53 27 108 4 79 78 78 1
67 68 136 2 89 11 44 4
73 37 148 4 101 50 50 1
83 84 168 2 109 27 108 4
97 49 196 4 131 130 130 1
103 104 208 2 139 46 46 1
107 36 - 72 2 149 37 148 4
113 19 76 4 151 50 50 1
127 128 256 2 179 178 178 1
137 69 276 4 181 90 90 1
157 79 316 4 191 190 190 1
163 164 328 2 199 09 29 1
167 168 336 2 211 42 42 1
173 87 348 4 229 114 114 1
193 97 388 4 239 238 238 1
197 99 396 4 241 120 240 2
223 224 448 2 251 250 250 1
227 228 456 2 269 67 268 4
233 13 52 4 271 270 270 1
257 129 516 4 281 28 56 2
263 88 176 2 311 310 310 1
277 139 556 4 331 110 110 1
283 284 568 2 349 174 174 1
293 147 588 4 359 358 358 1
307 44 88 2 379 378 378 1
313 157 328 4 389 97 388 4
317 159 636 4 401 100. 200 2
337 169 676 4 409 204 408 2
347 116 232 2 419 418 418 1
353 59 236 4 421 21 84 4
367 368 736 2 431 430 430 1
373 187 748 4
383 384 768 2
397 199 796 4

———— S o o o e - W20 S S S D Bove s

7) Confer. D. Jarden, Table of the ranks of apparition in Fibonacci's




